Introduction to Synthetic Biology: HW3 solution

1. (@)
To express the gene, it’s only if the activator binds, and the repressor does not bind.
The probability that the activator binds the gene is derived as follows:

g+A(—l:+ Ja
dl9,1/dt =k, [g1[Al -k, [9,]=0 (Equilibrium)
2k, [9][Al =k, _[9,]

> [g] = Kl[gA]/[A] ( Kl = k17/k1+) (1)

The conservation law tells us that

[9:1=[g]+[g.] (2)

substitute (1) into (2)
9 [gA] — [A]
[9-]1 K, +[A]
Thus, the probability of A (activator) binds to the gene is
[Al_ [AI/K,
I:)A_bound = =
K, +[A] 1+[A]/K,

Similarly, the probability of R (repressor) does not bind to the gene is

P =1- [R] = :
R_not_bound K2 +[R] 1+[R]/ K2

[A]/ K
A_bound _ AND _R_not_bound A_bound R _not_bound l+[A]/ Kl +[R]/ K2 + [A][R]/ Kle ( )

Therefore, the reaction rate of mRNA is

d[m]/dt =a, h_ymm = am(PA_bound ’ PR_not_bound)_ymm (4)

tot

Substitute (3) to (4), we then obtain the answer



1.(b)

g+A——0,
g+Re——0¢
d[g,]/dt =k, [Al[g] -k, [9,]
d[ge]/dt =k,,[RI[9] -k, [9¢]

d[g]/dt=—k [Al[9]-k..[RI[9]+k, [9]+k; [e]

In steady state, (5)=(6)=(7)=0

(5)=0 > [9.]=[Al[9)/K, where K, =K, /K,

(6)=0 >[g:]1=[RI[9]/ K¢ where Ky =K, /K,

[9r1=[9.1+[9:1+[9]>[9:]1=[Al[g]/ K, +[R][9]/ K¢ +[9]

(9] _ [0, _ [Allg]/K, _[AIK,
[9-1 [9:]1 [All9]/K,+[RI[9]/Kg+[9] [Al/K,+[R]/K;+1
. [gon] a[A]/KA

m=a m

0.1 ™=t SRy kM

2

(a) equilibrium points: R=F=0
Per% _ _p-0>—F% P SKa=yPK+yPP
11+P2/K}/1 K271 rEy yE.F,
: a
\Pz:1+P1/K—yP2:09Ka=7P2K+7/PlP2
(12)

Comparing (11) and (12), P ,=P,
Then solving P1 by substituting (13) into (1)

_ 21 2 _ 2
SP=P,- yK+47°K +4Ka7/: K+yK“+4Kaly

2y 2

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(13)

(14)



(For P1 and P2 < 0 is meaningless concentration, so the only equilibrium point is this set.)

The Jacobian at this point is

-
[ aPuer apuop, 4 KL+ P,/ K)?
OPs/oP OPloP,) | — % -
ST TR KT R IK)? 4
{4
S A————
4 KL+ P,/ K)?
Det(J — Al )=det
. * —y—2
K(L+ P /K)? 4
> (7= -2y -0 (P=R=P,)
4 (K + P) 1= 0
> A+ 274+ —(—K)2
7 =G py
2yt |4y* -4
’ J7 ( ((K+P>2]
> A=
2
aK |,
-yt [(—=—
577 Vep?
N (K+P) (15)
aK
A=—y—— <0
For (K+P)’
aK
A=y
For (K+P)’
aK 4aK
A=—-y+ =—y+
BN —K+{K*+4Kaly., (K +K?+4Kaly)’
(K+ 5 )
If aK <y, itis stable.

(K+_K +\/K2+4Ka/}/)2

2



4aK B 4aK B do
(K+yK2+4Kaly)? 2K2+2K\K?+4Kaly +4Kaly 2K +2{K*+4Kaly +4aly

B 4o y<y
2Ky +24K?y? +4yKa +4a

The eigenvalues are real and negative, so the equilibrium point is stable.

Since there is only one equilibrium point, the system is not a bistable switch!



